
CHAPTER 15  MULTIPLE INTEGRALS
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15.2  DOUBLE INTEGRALS OVER GENERAL REGIONS

 1.  2. 
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1 x
� Î

Î
Î

� Î
c d c d� ‘ ˆ ‰ˆ ‰" " " #

"x x x

  2(1 ln 2)œ �

66. V 4 1 y  dy dx 4 y  dx 4 sec x  dxœ � œ � œ �' ' ' '
0 0 0 0

3 sec x 3 3sec x

0

1 1 1Î Î Îa b ’ “ Š ‹# y
3 3

sec x$ $

  7 ln sec x tan x sec x tan x 7 ln 2 3 2 3œ � � œ � �2 2
3 3c dk k ’ “Š ‹È È1Î$

!

67.  

68. 

 

69.  dy dx  dx  dx  lim    lim   1 1' ' ' '
1 e 1 1

1

e

b

1

_ _ _

�

�

x x

" � " "
"

x y x x x b
ln y x

$ $ $œ œ � œ � œ � � œ’ “ ˆ ‰ � ‘ ˆ ‰
b bÄ _ Ä _

70. (2y 1) dy dx y y  dx  dx 4  lim   sin x' ' ' '
� � � � �

�

�

� �

�1 1/ 1 x 1 1

1 1/ 1 x 1 11/ 1 x

1/ 1 x

b

È

È ˆ ‰

a b
#

#

# Î#

# Î#

� œ � œ œc d c dº# �"

� !

1

1

2
1 xÈ # b 1Ä

 4  lim   sin b 0 2œ � œ
b 1Ä

�

c d�"
1

71. -dx dy 2  lim   tan b tan 0  dy 2   lim    dy' ' ' '
�_ �_

_ _ _

" "
� � � �

�" �"
a b a bx 1 y 1 y 1 y 1

2
# # # #œ � œ

0 0

bŠ ‹Š ‹
b bÄ _ Ä _

1

 2  lim  tan b tan 0 (2 )œ � œ œ1 1 1Š ‹ ˆ ‰
b Ä _

�" �" #
#
1
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72. xe  dx dy e   lim   xe e  dy e   lim   be e 1  dy' ' ' '
0 0 0 0

x 2y 2y x x 2y b bb
0

_ _ _ _

�Ð � Ñ � � � � � �œ � � œ � � �
b bÄ _ Ä _

c d a b
 e  dy   lim   e 1œ œ � � œ'

0

2y 2b
_

� �" "
# #b Ä _

a b

73. f(x y) dA  f 0 f(0 0) f 0 0' '
R

ß ¸ � ß � ß � ß œ � � � œ �" " " " " " " " "
# #4 8 8 4 4 8 4 32

3ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

74. f(x y) dA f f f f (29 31 33 35) 8' '
R

ß ¸ ß � ß � ß � ß œ � � � œ œ" "
4 4 4 4 4 4 4 4 4 16 16

7 11 9 11 7 13 9 13 128’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

75. The ray  meets the circle x y 4 at the point 3 1   the ray is represented by the line y .  Thus,) œ � œ ß Ê œ1

6
x

3
# # Š ‹È È

 f(x y) dA 4 x  dy dx 4 x 4 x  dx 4x' '
R

ß œ � œ � � � œ � � œ' ' '
0 x 3 0

3 4 x 3

3

3

0

È È

È

È

È

È

Î

� #È È’ “a b ” •# ## �x x
3 9

4 x

3 3
20 3$ # $Î#a b

È
È

76.  dy dx  dx  dx 6  ' ' ' ' '
2 0 2 2 2

2 2

0

_ _ _ _

"
� �

�
� � � �a b a bx x (y 1)

3(y 1)
x x x x x x x(x 1)

3 3 dx
# #Î$

"Î$

# # #œ œ � œ’ “ ˆ ‰
 6  lim    dx 6  lim   ln (x 1) ln x 6  lim   [ln (b 1) ln b ln 1 ln 2]œ � œ � � œ � � � �

b b bÄ _ Ä _ Ä _

'
2

b
b
2

ˆ ‰ c d" "
�x 1 x

 6  lim   ln 1 ln 2 6 ln 2œ � � œ’ “ˆ ‰
b Ä _

"
b

77. V x y  dy dx x y  dxœ � œ �' ' '
0 x 0

1 2 x 1 2 x

x

�
�a b ’ “# # # y

3

$

 2x  dxœ � � œ � �'
0

1’ “ ’ “# � �
"

!

7x 2x 7x
3 3 3 12 12

(2 x) (2 x)$ $ %$ %

 0 0œ � � � � � œˆ ‰ ˆ ‰2 7 16 4
3 12 1 12 3

"
#

 

78. tan x tan x  dx  dy dx   dx dy  dx dy' ' ' ' ' ' '
0 0 x 0 y 2 y

2 2 x 2 y 2 2a b�" �" " " "
� � �1 � œ œ �

1 1

1 11 y 1 y 1 y# # #
Î Î

  dy  dy ln 1 y 2 tan y  ln 1 yœ � œ � � � �' '
0 2

2 2 2

2

ˆ ‰ ˆ ‰1 y 2
1 y 1 y 2
� � #

� � #
�" "# �" #

!

"

# #

1 1

1
1

y ˆ ‰ � ‘c d a ba b1

1 1

  ln 5 2 tan 2  ln 1 4 2 tan 2  ln 5œ � � � � �ˆ ‰ a b1

1 1 1

� " "�" # �"
#

1
2 21 1

 2 tan 2 2 tan 2  ln 1 4œ � � � ��" �" #"
#1 12

ln 5
1

a b
79. To maximize the integral, we want the domain to include all points where the integrand is positive and to
 exclude all points where the integrand is negative.  These criteria are met by the points (x y) such thatß

 4 x 2y 0 or x 2y 4, which is the ellipse x 2y 4 together with its interior.� �   � Ÿ � œ# # # # # #

80. To minimize the integral, we want the domain to include all points where the integrand is negative and to
 exclude all points where the integrand is positive.  These criteria are met by the points (x y) such thatß

 x y 9 0 or x y 9, which is the closed disk of radius 3 centered at the origin.# # # #� � Ÿ � Ÿ

81. No, it is not possible.  By Fubini's theorem, the two orders of integration must give the same result.
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82. One way would be to partition R into two triangles with the
 line y 1.  The integral of f over R could then be writtenœ

 as a sum of integrals that could be evaluated by integrating
 first with respect to x and then with respect to y:

  f(x y) dA' '
R

ß

 f(x y) dx dy f(x y) dx dy.œ ß � ß' ' ' '
0 2 2y 1 y 1

1 2 y 2 2 2 y 2

� �

�Ð Î Ñ �Ð Î Ñ

 Partitioning R with the line x 1 would let us write theœ

 integral of f over R as a sum of iterated integrals with
 order dy dx.

 

83. e  dx dy e e  dx dy e e  dx  dy e  dx e  dy' ' ' ' ' ' ' '
� � � � � � � �

� � � � � � � �

b b b b b b b b

b b b b b b b b
x y y x y x x y# # # # # # # #

œ œ œŒ � Œ �Œ �
 e  dx 2 e  dx 4 e  dx ; taking limits as b   gives the stated result.œ œ œ Ä _Œ � Œ � Œ �' ' '

�

� � �

b 0 0

b b b
x x x# # #

# # #

84.  dy dx  dx dy   dy  ' ' ' ' ' '
0 0 0 0 0 0

1 3 3 1 3 3
x x x

(y 1) (y 1) (y 1) (y 1)3 3
dy# # $

#Î$ #Î$ #Î$ #Î$� � � �
" "

"

!
œ œ œ’ “

   lim    lim    lim   (y 1)  lim   (y 1)œ � œ � � �" "
� �

"Î$ "Î$
3 3

dy dy
(y 1) (y 1)b 1 b 1b 1 b 1Ä ÄÄ Ä

� �� �

' '
0 b

b 3 b 3

0 b#Î$ #Î$
� ‘ � ‘

  lim   (b 1) ( 1)  lim   (b 1) (2) (0 1) 0 2 1 2œ � � � � � � œ � � � œ �’ “ ’ “ Š ‹È È
b 1 b 1Ä Ä

� �

"Î$ "Î$ "Î$ "Î$ 3 3

85-88. Example CAS commands:
 :Maple
 f := (x,y) -> 1/x/y;
 q1 := Int( Int( f(x,y), y=1..x ), x=1..3 );
 evalf( q1 );
 value( q1 );
 evalf( value(q1) );

89-94. Example CAS commands:
 :Maple
 f := (x,y) -> exp(x^2);
 c,d := 0,1;
 g1 := y ->2*y;
 g2 := y -> 4;
 q5 := Int( Int( f(x,y), x=g1(y)..g2(y) ), y=c..d );
 value( q5 );
 plot3d( 0, x=g1(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0],

 scaling=constrained, title="#89 (Section 15.2)" );
 r5 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1 ), x=2..4 );
 value( r5);
 value( q5-r5 );

85-94. Example CAS commands:
 : (functions and bounds will vary)Mathematica

 You can integrate using the built-in integral signs or with the command . In the  command, theIntegrate Integrate
 integration begins with the variable on the right. (In this case, y going from 1 to x).
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894 Chapter 15 Multiple Integrals

 Clear[x, y, f]
 f[x_, y_]:= 1 / (x y)
 Integrate[f[x, y], {x, 1, 3}, {y, 1, x}]
 To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done
 with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to
 use the double equal sign for the equations of the bounding curves.
 Clear[x, y, f]
 <<Graphics`ImplicitPlot`
 ImplicitPlot[{x==2y, x==4, y==0, y==1},{x, 0, 4.1}, {y, 0, 1.1}];

 f[x_, y_]:=Exp[x ]2

 Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] Integrate[f[x, y], {x, 2, 4}, {y, 0, 1}]�

 To get a numerical value for the result, use the numerical integrator, . Verify that this equals the original.NIntegrate
 Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] NIntegrate[f[x, y], {x, 2, 4}, {y, 0, 1}]�

 NIntegrate[f[x, y], {y, 0, 1},{x, 2y, 4}]
 Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x).
 Clear[x, y, f]
 <<Graphics`FilledPlot`

 FilledPlot[{x , 9},{x, 0,3}, AxesLabels {x, y}];2 Ä

 f[x_, y_]:= x Cos[y ]2

 Integrate[f[x, y], {y, 0, 9}, {x, 0, Sqrt[y]}]

85.  dy dx 0.603 86. e  dy dx 0.558' ' ' '
1 1 0 0

3 x 1 1
x y"

xy ¸ ¸� �ˆ ‰# #

87. tan xy dy dx 0.233 88. 3 1 x y  dy dx 3.142' ' ' '
0 0 1 0

1 1 1 1 x
�" # #¸ � � ¸

�

�

È # È

89. Evaluate the integrals:

 e  dx dy' '
0 2y

1 4
x#

 e  dy dx e  dy dxœ �' ' ' '
0 0 2 0

2 x/2 4 1
x x# #

 e 2  erfi 2 2  erfi 4œ � � � �" "
4 4

4ˆ ‰È Èa b a b1 1

 1.1494 10¸ ‚ 6

 The following graph was generated using
 Mathematica.
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90. Evaluate the integrals:

 x cos y dy dx x cos y dx dy' ' ' '
0 x 0 0

3 9 9 y
2 2

2
a b a bœ

È

 0.157472œ ¸ �sin 81
4
a b

 The following graph was generated using
 Mathematica.
 

91. Evaluate the integrals:

 x y xy dx dy x y xy dy dx' ' ' '
0 y 0 x /32

2 4 2y 8 x
2 2 2 2

3 2

3È Èa b a b� œ �

 97.4315œ ¸67,520
693

 The following graph was generated using
 Mathematica.
 

92. Evaluate the integrals:

 e  dx dy e  dy dx' ' ' '
0 0 0 0

2 4 y 4 4 x� �

#

xy xyœ
È

 20.5648¸

 The following graph was generated using
 Mathematica.
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93. Evaluate the integrals:

  dy dx' '
1 0

2 x#
1

x y�

  dx dy  dx dyœ �' ' ' '
0 1 1 y

1 2 4 2
1 1

x y x y� �È

 1 ln 0.909543� � ¸ˆ ‰27
4

 The following graph was generated using
 Mathematica.
 

94. Evaluate the integrals:

  dx dy  dy dx' ' ' '
1 y 1 1

2 8 8 x

3

3

1 1
x y x yÈ È2 2 2 2� �

œ
È

 0.866649¸

 The following graph was generated using
 Mathematica.
 

15.3  AREA BY DOUBLE INTEGRATION

 1. dy dx (2 x) dx 2x 2,' ' '
0 0 0

2 2 x 2�

œ � œ � œ’ “x
2

#
#

!

 or dx dy (2 y) dy 2' ' '
0 0 0

2 2 y 2�

œ � œ

 

 2. dy dx (4 2x) dx 4x x 4,' ' '
0 2x 0

2 4 2 2

0œ � œ � œc d#
 or dx dy  dy 4' ' '

0 0 0

4 y 2 4Î

œ œy
#

 

 3. dx dy y y 2  dy' ' '
� � �

�

2 y 2 2

1 y 1#

œ � � �a b#

 2yœ � � �’ “y y
3

$ #

#

"

�#

 2 2 4œ � � � � � � œˆ ‰ ˆ ‰" "
# #3 3

8 9
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 4. dx dy 2y y  dy y' ' '
0 y 0

2 y y 2

�

�

#

œ � œ �a b ’ “# #
#

!

y
3

$

 4œ � œ8 4
3 3

 

 5. dy dx e  dx e 2 1 1' ' '
0 0 0

ln 2 e ln 2
x x ln 2

0

x

œ œ œ � œc d

 

 6. dy dx ln x dx x ln x x' ' '
1 ln x 1

e 2 ln x e
e
1œ œ �c d

 (e e) (0 1) 1œ � � � œ

 

 7. dx dy 2y 2y  dy y y' ' '
0 y 0

1 2y y 1

#

#
�

œ � œ �a b � ‘# # $ "

!
2
3

 œ "
3

 

 8. dx dy y 1 2y 2  dy' ' '
� � �

�

1 2y 2 1

1 y 1 1

#

#

œ � � �a b# #

 1 y  dy yœ � œ � œ'
�1

1 a b ’ “#
"

�"

y
3 3

4$

 

 9. 1 dx dy  x dy' ' '
0 0

2 3 2 3y
yy

y

œ c d
 2y  dy y 4œ œ œ'

0

2
2

0
2a b c d

 

10. 1 dx dy  x dy' ' '
1 1 0

2 ln 2

1
ln

� �y

y

y
yœ c d

 ln y 1 y  dy y ln y 2yœ � � œ � �'
1

2
y
2 1

2a b ’ “2

 2 ln 2œ � 1
2
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11. 1 dy dx 1 dy dx' ' ' '
0 x 2 1 x 2

1 2x 2 3 x

Î Î

�
�

  y dx  y dxœ �' '
0 1

1 2

x 2 x 2
2x 3 xc d c dÎ Î

�

  x dx  3 x dxœ � �' '
0 1

1 2
3 3
2 2

ˆ ‰ ˆ ‰
 x 3x xœ � � œ� ‘ � ‘3 3 3

4 4 2
2 2

0 1

1 2

 

12. 1 dy dx 1 dy dx' ' ' '
0 x 1 x 2

1 x 4 x

� �

È È
�

  y dx  y dxœ �' '
0 1

1 4

x x 2
x xc d c d� �

È È

  x x dx  x x 2 dxœ � � � �' '
0 1

1 4ˆ ‰ ˆ ‰È È
 x x x x 2xœ � � � � œ� ‘ � ‘2 1 2 1 13

3 2 3 2 3
3 2 2 3 2 2

0 1

1 4Î Î

 

13. dx dy 2y  dy y' ' '
0 y 3 0

6 2y 6

#Î
œ � œ �Š ‹ ’ “y y

3 9

# $
#

'

!

 36 12œ � œ216
9

 

14. dy dx 3x x  dx x x' ' '
0 x 0

3 2x x 3

�

�

#

œ � œ �a b � ‘# # $" $

!
3
2 3

 9œ � œ27 9
# #

 

15. dy dx' '
0 sin x

4 cos x1Î

 (cos x sin x) dx sin x cos xœ � œ �'
0

4
4

0

1

1

Î
Îc d

 (0 1) 2 1œ � � � œ �Š ‹ ÈÈ È2 2
# #

 

16. dx dy y 2 y  dy 2y' ' '
� �

�

�
1 y 1

2 y 2 2 2

1
#

œ � � œ � �a b ’ “# y y
2 3

# $

 2 4 2 5œ � � � � � œ � œˆ ‰ ˆ ‰8 9
3 3

" " "
# # #
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17. dy dx dy dx' ' ' '
� � � Î

� �

1 2x 0 x 2

0 1 x 2 1 x

�

 (1 x) dx 1  dxœ � � �' '
�1 0

0 2ˆ ‰x
#

 x x 1 (2 1)œ � � � œ � � � � � œ’ “ ’ “ ˆ ‰x x 3
2 4

# #
0 2

1 0�

"
# #

 

18. dy dx dy dx' ' ' '
0 x 4 0 0

2 0 4 x

#
�

�
È

 4 x  dx x  dxœ � �' '
0 0

2 4a b# "Î#

 4x x 8œ � � œ � � œ’ “ � ‘ ˆ ‰x 2 8 16 32
3 3 3 3 3

$
2

0

4

0
$Î#

 

19. (a) average  sin (x y) dy dx  cos (x y)  dx  [ cos (x ) cos x] dxœ � œ � � œ � � �" " "
1 1 1
# # #
' ' ' '

0 0 0 00

1 1 1 1

1c d 1

 sin (x ) sin x [( sin 2 sin ) ( sin sin 0)] 0œ � � � œ � � � � � œ" "
1 1
# #c d1 1 1 1

1

0

 (b) average  sin (x y) dy dx  cos (x y)  dx  cos x cos x  dxœ � œ � � œ � � �" Î#
! #Š ‹1

#

#

# #
' ' ' '

0 0 0 0

21 1 1 1Î
2 2
1 1

1 1c d � ‘ˆ ‰
 sin x sin x sin sin sin sin 0œ � � � œ � � � � � œ2 2 3 4

1 1 1

1 1 1

# # #
� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰

# # #

1

0
1

20. average value over the square xy dy dx  dx  dx 0.25;œ œ œ œ œ' ' ' '
0 0 0 0

1 1 1 1’ “xy
2 4

x#
"

! #
"

 average value over the quarter circle xy dy dx   dxœ œ"
ˆ ‰1

4

' ' '
0 0 0

1 1 x 1 1 x

0

È È
�

�

# #

 4 xy
21

’ “#

  x x  dx 0.159. The average value over the square is larger.œ � œ � œ ¸2 2 x x
2 41 1 1

'
0

1a b ’ “$
"

!

"
#

# 4

21. average height  x y  dy dx  x y  dx  2x  dxœ � œ � œ � œ � œ" " " "# # # #
# #

! !#4 4 3 4 3 3 3 3
y 8 x 4x 8' ' ' '

0 0 0 0

2 2 2 2a b ’ “ ’ “ˆ ‰$ $

22. average    dy dx   dxœ œ" " "
(ln 2) xy (ln 2) x

ln y
# #
' ' '

ln 2 ln 2 ln 2

2 ln 2 2 ln 2 2 ln 2 2 ln 2

ln 2
 ’ “

  (ln 2 ln ln 2 ln ln 2) dx ln xœ � � œ œ" " " "
#(ln 2) x ln 2 x ln 

dx
#
' '

ln 2 ln 2

2 ln 2 2 ln 2 2 ln 2

ln 2
ˆ ‰ ˆ ‰ c d

 (ln 2 ln ln 2 ln ln 2) 1œ � � œˆ ‰"
#ln 

23.  dy dx 10,000 1 e  10,000 1 e  ' ' ' ' '
� � � � !

!

5 2 5 5

5 0 5 5
10,000e

1 1

dx dx dx
1 1

y

� �

�# �#
� �k k k kx x x x

# #
# #

œ � œ � �a b a b ’ “
 10,000 1 e 2 ln 1 10,000 1 e 2 ln 1œ � � � � � �a b a b� ‘ � ‘ˆ ‰ ˆ ‰� �2 2x x

# #

! &

�& !

 10,000 1 e 2 ln 1 10,000 1 e 2 ln 1 40,000 1 e  ln 43,329œ � � � � � œ � ¸a b a b a b� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰�# �# �#
# #
5 5 7

2

24. 100(y 1) dx dy 100(y 1)x  dy 100(y 1) 2y 2y  dy 200 y y  dy' ' ' ' '
0 y 0 0 0

1 2y y 1 1 1
2y y
y#

#

#

#

�

�� œ � œ � � œ �c d a b a b# $

 200 (200) 50œ � œ œ’ “ ˆ ‰y y
2 4 4

# % "

!

"
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25. Let (x y ) be the location of the weather station in county i for i 1 254.  The average temperaturei iß œ ßá ß

 in Texas at time t  is approximately , where T(x y ) is the temperature at time t  at the! !

ß!
254

i 1œ
 T(x y ) A

A i i

i i i?

ß

 weather station in county i, A is the area of county i, and A is the area of Texas.?i

26. Let y f x  be a nonnegative, continuous function on a, b , then A dA dy dx y  dx f x dxœ Ò Ó œ œ œ œa b c d a b' '
R

' ' ' '
a 0 a a

b f x b b

0
f x

a b
a b

15.4  DOUBLE INTEGRALS IN POLAR FORM

 1. x y 9 r 9 2 , 0 r 92 2 2
2� œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ1 ) 1

 2. x y 1 r 1, x y 4 r 4 , 1 r 42 2 2 2 2 2
2 2� œ Ê œ � œ Ê œ Ê � Ÿ Ÿ Ÿ Ÿ1 1)

 3. y x , y x , y 1 r csc , 0 r cscœ Ê œ œ � Ê œ œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) ) ) )1 1 1 1
4 4 4 4

3 3

 4. x 1 r sec , y 3x 0 , 0 r secœ Ê œ œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) ) )È 1 1
3 3

 5. x y 1 r 1, x 2 3 r 2 3 sec , y 2 r 2 csc ; 2 3 sec 2 csc2 2 2
6� œ Ê œ œ Ê œ œ Ê œ œ Ê œÈ È È) ) ) ) ) 1

 0 , 1 r 2 3 sec ; , 1 r 2 3 cscÊ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) )1 1 1
6 6 2

È È
 6. x y 2 r 2, x 1 r sec ; 2 sec  or , sec r 22 2 2

3 3 3 3� œ Ê œ œ Ê œ œ Ê œ œ � Ê � Ÿ Ÿ Ÿ Ÿ) ) ) ) ) )1 1 1 1

 7. x y 2x r 2 cos , 0 r 2 cos2 2
2 2� œ Ê œ Ê � Ÿ Ÿ Ÿ Ÿ) ) )1 1

 8. x y 2y r 2 sin 0 , 0 r 2 sin2 2� œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) 1 )

 9. dy dx r dr d  d' ' ' ' '
�

�

1 0 0 0 0

1 1 x 1È #

œ œ œ
1 1

) )"
# #

1

10.  x y  dx dy  r  dr d   d' ' ' ' '
0 0 0 0 0

1 1 y 2 1 2È
� Î Î# a b# # $ "� œ œ œ

1 1

) )4 8
1

11.  x y  dx dy r  dr d 4 d 2' ' ' ' '
0 0 0 0 0

2 4 y 2 2 2È
� Î Î# a b# # $� œ œ œ

1 1

) ) 1

12. dy dx r dr d  d a' ' ' ' '
� � �

�

a a x 0 0 0

a a x 2 a 2

È

È

# #

# #

œ œ œ
1 1

) ) 1a
2

# #

13. x dx dy r  cos  dr d 72 cot  csc  d 36 cot 36' ' ' ' '
0 0 4 0 4

6 y 2 6 csc 2 2

4œ œ œ � œ
1 1

1 ) 1
1

1Î Î

Î Î
Î

Î
# # #) ) ) ) ) )c d

14. y dy dx r  sin  dr d  tan  sec  d' ' ' ' '
0 0 0 0 0

2 x 4 2 sec 4

œ œ œ
1 ) 1Î Î

# #) ) ) ) )8 4
3 3

15.  dy dx r dr d sec csc d tan cot 2 3' ' ' ' '
1 1

3 3
3 1 3 1
2 2 2 2

2 2
È Èx 4  sec 4

6 csc 6

4

6
œ œ � œ � œ �

1 ) 1

1 ) 1
1

1Î Î

Î Î Î

Î
) ) ) ) ) )ˆ ‰ � ‘ È

16.  dy dx r dr d 2csc 2 d 2 cot 2' ' ' ' 'È È2 4 y

2 y 2
2 1

2 2� 2 œ œ � œ � � œ �
1 1

1 ) 1
1

1Î Î

Î Î Î

Î4 2 6

2 csc 4 2

4
) ) ) ) )a b � ‘ 1
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17.  dy dx  dr d 2 1  dr d 2  (1 ln 2) d' ' ' ' ' ' '
� � �

Î Î Î

1 1 x 0 0

0 0 3 2 1 3 2 1 3 2

È #

2 2r
1 x y 1 r 1 r� � � �

"È # #
œ œ � œ �

1 1 1

1 1 1

) ) )ˆ ‰
 (1 ln 2)œ � 1

18.   dy dx 4  dr d 4  d 2 d' ' ' ' ' '
� � �

� Î Î Î

1 1 x 0 0 0 0

1 1 x 2 1 2 2

È

È

#

#

2 2r
1 x y 1 r 1 ra b a b� � �

"
�

"

!# # ## # #œ œ � œ œ
1 1 1

) ) ) 1� ‘

19. e  dx dy re  dr d 2 ln 2 1  d 2 ln 2 1' ' ' ' '
0 0 0 0 0

ln 2 (ln 2) y 2 ln 2 2
r

È # #
� Î Î

  
Èx y# #� œ œ � œ �

1 1

) )a b a b1
#

20.  ln x y 1  dx dy 4 ln r 1  r dr d 2 ln 4 1  d ln 4 1' ' ' ' '
� � �

� Î Î

1 1 y 0 0 0

1 1 y 2 1 2

È

È

#

#

  a b a b a b a b# # #� � œ � œ � œ �
1 1

) ) 1

21.  x 2y  dy dx r cos 2r sin  r dr d cos sin d' ' ' ' '
0 x 4 0 4

1 2 x 2 2 2

0

2È � Î Î

Î Î

#

  a b a b ’ “� œ � œ �
1 1

1 1È È
) ) ) ) ) )r 2r

3 3

3 3

 cos sin d sin cosœ � œ � œ'
1

1

1

1

Î

Î

Î

Î

4

2
2 2 2 2

4

2 2Š ‹ ’ “2 4 2 4
3 3 3 3 3

2 1È È È È ˆ ‰È
) ) ) ) )

�

22.  dy dx r dr d d cos sec d' ' ' ' ' '
1 0 0 sec 0 0

2 2x x 4 2cos 4 4

sec

2cos
È � Î Î Î#

  1 1 1 1 1
x y r 2r 2 8

2 2a b# # #�
œ œ � œ œ �

1 ) 1 1

) )

)

4 2) ) ) ) )� ‘ ˆ ‰
 sin2 tanœ � � œ� ‘1 1 1

4 8 8 16) ) )
0

41Î 1

23. x y dy dx or' '
0 0

1 1 xÈ � #

 

 x y dx dy' '
0 0

1 1 yÈ � #

 

 

24. x dx dy or' '
1 2 1 y

1 3y

Î �È

È

#
 

 x dy dx x dy dx' ' ' '
0 1 x 3 2 3

3 2 1 3 1È È

È È È

Î

� Î#
  �

xÎ

 

25. y x y dy dx or' '
0 0

2 x
 2 2 2a b�

 y x y dx dy' '
0 y

2 2
 2 2 2a b�
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26. x y dy dx or' '
0 0

3 4
 a b2 2 3

�

 x y dx dy' '
0 0

4 3
 a b2 2 3

�

 

27.  r dr d 2 (2 sin 2 ) d 2( 1)' ' '
0 0 0

2 2 2 sin 2 21 ) 1Î � ÎÈ

 ) ) ) 1œ � œ �

28. A 2 r dr d 2 cos cos  dœ œ � œ' ' '
0 1 0

2 1 cos 21 ) 1Î � Î

 ) ) ) )a b# �8
4
1

29. A 2 r dr d 144 cos 3  d 12œ œ œ' ' '
0 0 0

6 12 cos 3 61 ) 1Î Î

) ) ) 1#

30. A r dr d   dœ œ œ' ' '
0 0 0

2 4 3 21 ) 1Î

 ) ) )8 64
9 27

# 1$

31. A r dr d  2 sin  d 1œ œ � � œ �' ' '
0 0 0

2 1 sin 21 ) 1Î � Î

) ) )1 3 cos 2 3
2 8

ˆ ‰
# #

) 1

32. A 4 r dr d 2 2 cos  d 4œ œ � � œ �' ' '
0 0 0

2 1 cos 21 ) 1Î � Î

 ) ) )ˆ ‰3 cos 2 3
2# #

) 1

33. average  r a r  dr d  a  dœ � œ œ4 4 2a
a 3 a 31 1# #
' ' '

0 0 0

2 a 21 1Î Î

 È # # $) )

34. average  r  dr d  a  dœ œ œ4 4 2a
a 3 a 31 1# #
' ' '

0 0 0

2 a 21 1Î Î
# $) )

35. average   x y  dy dx r  dr d  dœ � œ œ œ" "# # #
1 1 1a a 3 3

a 2a
# #
' ' ' ' '
� � �

�

a a x 0 0 0

a a x 2 a 2

È

È

# #

# # È 1 1

) )

36. average  (1 x) y  dy dx  (1 r cos ) r  sin  r dr dœ � � œ � �" "# # # # #
1 1
' '

R
c d c d' '

0 0

2 11

) ) )

  r 2r  cos r  dr d   dœ � � œ � œ � œ" " "$ #
#1 1 1

) )' ' '
0 0 0

2 1 2 2

0

1 1
1a b ˆ ‰ � ‘) ) ) )3 2 cos 3 2 sin 3

4 3 4 3

37.  r dr d 2 ln r dr d 2 r ln r r  d 2 e 1 1  d 2 2 e' ' ' ' ' '
0 1 0 1 0 0

2 e 2 e 2 2
e
1

1 1 1 1È ÈŠ ‹ c d È È� ‘ ˆ ‰ˆ ‰ln r
r

#

) ) ) ) 1œ œ � œ � � œ �
"Î# "

#

38.  dr d  dr d (ln r)  d d 2' ' ' ' ' '
0 1 0 1 0 0

2 e 2 e 2 2e

1

1 1 1 1Š ‹ ˆ ‰ c dln r 2 ln r
r r

#

) ) ) ) 1œ œ œ œ#

39. V 2 r  cos  dr d  3 cos 3 cos cos  dœ œ � �' ' '
0 1 0

2 1 cos 21 ) 1Î � Î
# # $ %) ) ) ) ) )2

3 a b
 sin 2 3 sin sinœ � � � � œ �2 5 sin 4 4 5

3 8 32 3 8
� ‘" $) ) 1) ) )

1Î2

0

40. V 4  r 2 r  dr d  (2 2 cos 2 ) 2  dœ � œ � � �' ' '
0 0 0

4 2 cos 2 41 ) 1Î ÎÈ È � ‘# $Î# $Î#) ) )4
3

  1 cos  sin  d cos œ � � œ � � œ2 2 2 2 6 2 40 2 64
3 3 3 3 3 9

32 32 cos1 1 1)È È È È'
0

4 4

0

1 1Î Îa b ’ “# � �) ) ) )
$
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41. (a) I e  dx dy e  r dr d  lim   re  dr  d# � �œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 2 b_ _ Î _ Î
� �a bx y# #

1 1Š ‹ ” •r r# #

) )
b Ä _

   lim   e 1  d  d   Iœ � � œ œ Ê œ" "
# # #

�' '
0 0

2 21 1Î Î

b Ä _
Š ‹b

4
#

) ) 1 1È

 (b)  lim    dt  e  dt 1, from part (a)x Ä _

' '
0 0

x
2e 2 2t�

#
#t

È È È
È

1 1 1

1
œ œ œ

_
�

#Š ‹Š ‹
42.  dx dy  dr d   lim    dr   lim   ' ' ' ' '

0 0 0 0 0

2 b b

0

_ _ Î _
" "

� � � �# �a b a b a b1 x y 1 r 1 r
r r

4 1 r# # # ## # # #œ œ œ �
1

) 1 1

b bÄ _ Ä _

� ‘
   lim   1œ � œ1 1

4 1 b 4b Ä _

ˆ ‰"
� #

43. Over the disk x y :   dA  dr d  ln 1 r  d# # #" "
� � �� Ÿ œ œ � �3 r

4 1 x y 1 r 2
' '

R
 # # #

' ' '
0 0 0

2 3 2 2 3 2

0

1 1
È ÈÎ Î

) )� ‘a b
  ln  d (ln 2) d  ln 4œ � œ œ' '

0 0

2 21 1ˆ ‰" "
# 4 ) ) 1

 Over the disk x y 1:   dA  dr d  lim    dr  d# # "
� � � �� Ÿ œ œ' '

R a 11 x y 1 r 1 r
r r

# # # #
' ' ' '

0 0 0 0

2 1 2 a1 1

) )’ “
Ä

�

  lim    ln 1 a  d 2  lim    ln 1 a 2 , so the integral does not exist overœ � � œ � � œ _'
0

21

a 1 a 1Ä Ä
� �

� ‘ � ‘a b a b" "
# #

# #) 1 1† †

 x y 1# #� Ÿ

44. The area in polar coordinates is given by A r dr d  d  f ( ) d  r  d ,œ œ œ œ' ' ' ' '
! ! ! !

" ) " " ")

0

f f

0

Ð Ñ Ð Ñ

) ) ) ) )’ “r
2

# " "
# #

# #

 where r f( )œ )

45. average  (r cos h) r  sin  r dr d  r 2r h cos rh  dr dœ � � œ � �" "# # # $ # #
1 1a a# #
' ' ' '

0 0 0 0

2 a 2 a1 1c d a b) ) ) ) )

   d   dœ � � œ � � œ � �" " "
# # #1 1 1

) ) ) ) )
a 4 3 4 3 4 3

a 2a h cos a h a 2ah cos h a 2ah sin h
#

% $ # # # # # #' '
0 0

2 2 2

0

1 1 1Š ‹ Š ‹ ’ “) )

 a 2hœ �"
#

# #a b
46. A r dr d  4 sin csc  dœ œ �' ' '

1 ) 1

1 ) 1

Î Î

Î Î

4 csc 4

3 4 2 sin 3 4

) ) ) )"
#

# #a b
 2 sin 2 cot œ � � œ"

# #c d) ) )
3 4

4
1

1

Î

Î
1

 

47-50. Example CAS commands:
 :Maple
 f := (x,y) -> y/(x^2+y^2);
 a,b := 0,1;
 f1 := x -> x;
 f2 := x -> 1;
 plot3d( f(x,y), y=f1(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0,180], title="#47(a)
                         (Section 15.4)" );                                                                                                 # (a)
 q1 := eval( x=a, [x=r*cos(theta),y=r*sin(theta)] );                                    # (b)
 q2 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)] );
 q3 := eval( y=f1(x), [x=r*cos(theta),y=r*sin(theta)] );
 q4 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)] );
 theta1 := solve( q3, theta );
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